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Probability Density Estimation

@ Problem: maxy Exp,.. [Iog pg(x)} .

@ Generative Adversarial Networks (GAN): Define py implicitly by a
mapping G : z — Xx.

@ Variational Auto Encoder (VAE): Define py explicitly, such as
Gaussian, Laplace; Amortize the posterior py(z|x) by an inference
network g, (z|x) with additional parameter ¢.
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Generative Adversarial Networks
@ The objective of GAN is inspired by logistic regression:

Logistic Regression

max L(0) : ZYI log py(yi | Xi) + (1 — yi) log (1 —Po(Yi | XI))

= Ej. y=1|10g Poyi | %] +Ei. y=o[ log (1 = po(yi | x)))]

v

GAN

mci;n max L(D, G) := Expy [Iog D(x)] + Ex~pg [ log(1 — D(X))]

= Ex~pu | 109 D(X)| + Ez-p, [log (1 - D(G(2)) |

v
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Ideal Training Process

GAN Objective

mGin max L(D, G) := Expy [Iog D(x)] + Ex~pg [ log(1 — D(X))]

= Exmoppas [|og D(x)} +Ezvp, [log (1 - D(G(Z))ﬂ

v

@ Update D: Solve inner maximization to optimum: D*(G").
@ Update G: G'*' «+ G!' —yVgL(D*(G!), GY).
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Ideal Training Process

Proposition

o _ Pdata(X)
b (G)(X) - pdata(;:) + pG(X)

Proof.

L(D,-) = [, f(D(x))dx with f(q) = alog g + blog(1 — q), where
a,b € (0,1] are constants. Note that

q@{gﬁlalogq—i-blogﬁ -q)eq = 21 b
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Ideal Training Process
GAN Obijective

mci;n mgx L(D, G) := Ex~pyu [Iog D(X)} + Ex~pg [Iog(1 - D(X))}

Given D*(G), we have

. o ata(X) P (X)
L(D*(G), G) = Exvpy, | log m] +Bespo | log m}

pdala(x) pG( )
—log4 + Exp,, [log m} + Expg ['09 m]
> 2

Pdata + pG) ” Pdata + PG)

+ Dki(pa >

= — |09 4+ DKL(pdata”
= — |09 4 + DJSD(pdata”pG)
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Ideal Training Process

GAN Obijective

m(i;n mgx L(D, G) := Ex~pyq [Iog D(x)] + Ex~pg [ log(1 — D(x))]

— Expy, [Iog D(x)} +Ezvp, [Iog (1 B D(G(z)))} )
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Actual Training Process

for k steps do

o Sample minibatch of m noise samples {z(*), ..., 2(™} from noise prior p,(z).
e Sample minibatch of m examples {m(l), .. ,m(’“)} from data generating distribution
Pda(a(fl’)-

o Update the discriminator by ascending its stochastic gradient:

m

ng% ; {logD (m(i)) +log (1 -D (G (z(i))))] 4

end for
o Sample minibatch of m noise samples {z(V,. .., (™} from noise prior p,(z).
e Update the generator by descending its stochastic gradient:

Va3 otos (10 (6 (=))).
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Actual Training Process

@ Issue: Early in training, when G is poor, D(G(z)) = 0 for almost
all z, which means

log(1 — D(G(z))) =0 saturates.
@ So, instead of
mGin Ezp, [Iog (1 — D(G(z)))] (1)

— max Ez-p, [Iog D(G(z))} (2)
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Actual Training Process

@ An alternative of G update (sum of (1) and (2)):

D(G(2)
mgx Ezp, [Iog 1—(D(G(i))}

@ When D — D*(G), D*(G) = #JPP)G()O'
D(x)

Ex~pg [log 1—7D(X)} =~ Ex~ps [Iog 1—D*D(i(()x)}

pdata(x) _
ey ) = ~Dralpslpua)

== ]EXNPG [ |Og

@ Interpretation:

» D-step makes a good approximation of the density ratio ”F;‘G((X’;)
» G-step minimizes Dk (Paaul|PG)-
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Variational Auto Encoder

VAE Objective

log py(X) > Eq,(z)x) [ log py(x, z) — log q¢(ZIX)}
max L(6,6) := — Dk (46(2])[1P(2)) + Eq,zix | 109 po(x]2)|

@ An example of py and q,:
> po(x|2) := N(x; f(2),52]), where 0 = f.
> Gu(21X) == N(2; u(x), £(x)), where ¢ = (11, E).
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Variational Auto Encoder

Decoder
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