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1. Introduction

I Problem: Maximum likelihood estimation of discrete conditional random
fields with variational relaxation of the dual problem.

I Method: Dual augmented Lagrangian method with inexact inner-loop
updates by SDCA.

2. Conditional Random Fields

T = {τ | τ = V or E}, C = CV ∪ CE

V = {1,2,3}, E = {{1,2}, {1,3}}
y12 = y1 ⊗ y2 (one-hot vectors)

I Given {(x (n), y (n))}1≤n≤N, a CRF reads as

p(y (n) | x (n); w) :=
1

Z (x (n),w)

∏
τ∈T

∏
c∈Cτ

exp
(
〈wτ , φc(x (n), y (n)

c )〉
)
.

I Abstract CRF by using θ(n)(w) := [θ
(n)
c (w) := Ψ

(n)
c

ᵀ
wτc]c∈C = Ψ(n)ᵀw and

T (y) := [yc]c∈C defined below:

− log p(y (n) | x (n); w) = log
∑
y

exp
[ ∑
τ∈T

∑
c∈Cτ
〈wτ , φc(x (n), yc)− φc(x (n), y (n)

c )〉
]

= log
∑
y

exp
[ ∑
τ∈T

∑
c∈Cτ
〈Ψ(n)

c
ᵀ
wτ , yc〉

]

= log
∑
y

exp
[
〈θ(n)(w),T (y)〉

]
=: F

(
θ(n)(w)

)

3. Maximum Likelihood Estimation

I We assume N = 1: maxw log p(y | x ; w)⇔ minw F
(
θ(w)

)
.

I Computational issue: ∇wτ
F (θ(w)) =

∑
c∈Cτ ΨcEθ[yc] requires performing

approximate marginal inference.

4. Variational Relaxation

I Fenchel conjugate form of F [4]:
F (θ) = max

µ

[
〈µ, θ〉 − F ∗(µ)

]
with F ∗(µ) = −HShannon(µ) + ιM(µ).

whereM := {µ | µ = Eθ[T (Y )] for some θ} is the marginal polytope.

I Relax F → FL byM→ L and HShannon→ HApprox:
. FL is defined similarly as F with F ∗L(µ) := −HApprox(µ) + ιI(µ) + ιAµ=0.

L :=

≡{µ |Aµ=0}︷ ︸︸ ︷
{µ | ∀c, i ∈ c : µi(yi) =

∑
yc\i

µc(yc)}
⋂ =: I︷ ︸︸ ︷
{µ | ∀c : µc ≥ 0, µᵀc1 = 1}

. HApprox is block-separable, concave on I and strongly concave on L.

5. “Inference-Free” Formulation

I The primal and dual of relaxed MLE:

MLE : min
w

P(w) := FL
(
θ(w)

)
+
λ

2
‖w‖2

2

MaxEnt : max
µ

D(µ) := −F ∗L(µ)− 1
2λ
‖Ψµ‖2

2

I Augmented Lagrangian formulation for Aµ = 0 in the dual:

min
ξ

max
µ

[
Dρ(µ, ξ) := HApprox(µ)− ιI(µ) + 〈ξ,Aµ〉︸ ︷︷ ︸

block-separable & concave

− 1
2ρ
‖Aµ‖2

2 −
1

2λ
‖Ψµ‖2

2︸ ︷︷ ︸
smooth

]
.

I For fixed ξ, it is natural to optimize Dρ(µ, ξ) by stochastic coordinate
ascent (e.g. SDCA[3]), so only clique-wise updates are needed.
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6. Algorithm

I Optimization problem: minξ d(ξ) with d(ξ) := maxµ Dρ(µ, ξ).

I d(ξ) is Ld-smooth, τ -restricted-strongly-convex[1].

I IDAL: The idea is to solve minξ d(ξ) by an inexact gradient descent with
warm restarts.

1 for t = 1, . . . ,Tex:

2 ξt = ξt−1 − 1
Ld

Aµ̂t−1; µt ,0 = µ̂t−1

3 for s = 1, . . . ,Tin:

4 Draw a clique c uniformly at random

5 νc = prox block update(c, µt ,s−1)

6 µt ,s
c = νc; µt ,s

−c = µt ,s−1
−c ; µ̂t = µt ,s if s = Tin

I prox block update(c, µ) approximately maxµc Dρ([µc, µ−c], ξ).

7. Analysis

Theorem 1 (Linear Convergence of the Outer Iteration)

I Suboptimalities: Γt = d(ξt)−minξ d(ξ), ∆̂t := maxµ Dρ(µ, ξ
t)− Dρ(µ̂

t, ξt).

I SDCA on µ ensure E∆̂t ≤ (1− π)TinE∆0
t .

I If we run Tin >
log(β)

log(1−π) iterations on µ for β ∈ (0,1) with λmax(β) < 1,
where λmax(β) is the largest eigenvalue of M(β) defined below, then
after Tex iterations on ξ we have∥∥∥∥∥∥E∆̂Tex

EΓTex

∥∥∥∥∥∥ ≤ constλmax(β)Tex

∥∥∥∥∥∥E∆̂0
EΓ0

∥∥∥∥∥∥ , where M(β) =

6β 3β
1 1− τ

Ld

 .
Therefore, it is almost surely that ∆̂t, Γt converge linearly.

Corollary 1 (Bound on Total Inner Iterations)

To ensure that E∆̂t ≤ ε and EΓt ≤ ε it is enough to run Ttot := TinTex inner
iterations such that Ttot ≥ log(β)

logλmax(β) log(1−π) log(ε).

Corollary 2 (Linear Convergence in the Primal)

Let ŵ t = −1
λΨµ̂t. If we use SDCA on µ, then

E[P(ŵ t)− P(w?)] ≤ 1
π
E∆̂t + EΓt.

Hence, if E[∆̂t + Γt] converges to 0 linearly, then so does E[P(ŵ t)− P(w?)].

8. Experiments

I Baselines using clique-wise updates:

. SoftBCFW[2]/SoftSDCA: For a special case maxµ Dρ(µ, ξ = 0).

. GDMM[5]: Active-set ADMM-like algorithm.

Image segmentation (λ = 10, ρ = 1) Multi-label classification (λ = 10, ρ = 1)
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